The aim of this paper is to investigate the amenability modulo, an ideal of Banach algebras with emphasis on applications to homological algebras. In doing so, we show that amenability modulo, an ideal of A * * implies amenability modulo, an ideal of A. Finally, for a large class of semigroups, we prove that l 1 (S) * * is amenable modulo I * * σ if and only if an appropriate group homomorphic image of S is finite, where I σ is the closed ideal induced by the least group congruence σ.
Introduction
The concept of the amenability modulo, an ideal of Banach algebras, was initiated by the first author and Amini [1] . They stated a version of Johnson's theorem for a large class of semigroups, including inverse semigroups, E-inversive semigroup, and E-inversive E-semigroups; l 1 (S) is amenable modulo I σ if and only if S is amenable. Some characterization of amenability modulo, an ideal of Banach algebras, and their hereditary properties were investigated in [2, 3] . A characterization of the amenability of Banach algebras with applications to homological algebra were studied by P. C. Curtis and R. J. Loy [4] . Amenability of the second dual of a Banach algebra was considered by Gourdeau (1997) [5] ; if a Banach algebra A * * is amenable, then A is amenable; a fact which is also proven (using a different proof) by Ghahramani, Loy, and Willis [6] . Then, it was shown that for a locally compact group G, if L 1 (G) * * is amenable, then G is finite [6] . Whereas, we are not aware of a similar result for semigroups, in general.
In section two of this paper, we give a brief review of amenability modulo an ideal of Banach algebras, the necessary preliminaries of homological algebra, and amenability modulo an ideal of Banach algebras in terms of short exact sequences. Thence, we show that for a Banach algebra A and a closed ideal I of A such that I 2 = I, if A * * is amenable modulo I * * , then A is amenable modulo I.
In section three, we show that amenability modulo an ideal of the second dual of a semigroup algebra implies amenability modulo an ideal of the semigroup algebra. We then prove that l 1 (S) * * is amenable modulo I * * σ if and only if S/σ is finite, where I * * σ is the induced closed ideal by the least group congruence σ.
Structure of Amenability Modulo an Ideal
In this section, we first express the concept of amenability modulo an ideal of Banach algebras and some of their characterizations in terms of virtuals and diagonals. To see details, the reader may refer to [1] [2] [3] .
Let A be a Banach algebra and X be a Banach A-bimodule. A bounded linear mapping
For any Banach A−bimodule X, its dual X * is naturally equipped with a Banach A−bimodule structure via x, a. f = xa, f , x, f .a = ax, f , for all a ∈ A, x ∈ X, f ∈ X * . The set of all bounded derivations from A into X is denoted by Z 1 (A; X), the set of all inner derivations from A to X is denoted by N 1 (A; X), and the quotient space H 1 (A; X) =
is called the first cohomology group of A with coefficients in X. A Banach algebra A is called amenable if H 1 (A; X * ) = {0} for every Banach A−bimodule X [7] . First, we investigate the structure of amenability modulo an ideal of Banach algebras in terms of virtual diagonals and approximate diagonals. Some results are given in [2] , but here we revise and improve them. Let A be a Banach algebra and I be a closed ideal of A. Then By the diagonal operator we mean the bounded linear operator defined by the linear extension of
Definition 2. (i) By a virtual diagonal modulo I, we mean an element M ∈ (
A I⊗ A) * * such that;
(ii) by an approximate diagonal modulo I, we mean a bounded net (m α ) α ⊂ (
(iii) by a diagonal modulo I, we mean an element m ∈ ( A I⊗ A) such that; a.π(m) −ā = 0 (a ∈ A), and a.m − m.a = 0, (a ∈ A \ I).
We recall that a bounded net {u α } α ⊆ A is called approximate identity modulo
If A is amenable modulo I then A has an approximate identity modulo I ([2], Theorem 4). Using the classical method [2, 7] , with appropriate modifications, we have the following result: Theorem 2. The following conditions are equivalent;
(i) A is amenable modulo I, (ii) There is an approximate diagonal modulo I, (iii) There is a virtual diagonal modulo I. Proof. Let A have an identity, then φ :
A by φ(ā) =ā ⊗ 1 is the required right inverse for π, and φ * is the required left inverse for π * . Let now A have a bounded left approximate identity (e j ) and u ∈ ( A I ⊗ A) * * be a w * −limit point of (ē j ⊗ e j ), so by passing to a sub-net we may assume
It is not far to see that ψ is well-defined. Now for every f ∈ (
Theorem 3. Let A be a Banach algebra and I be a closed ideal of A. Then the following assertions hold.
(i) If A is amenable modulo I, then the exact sequence ∏ * splits. (ii) If A has a bounded approximate identity and the exact sequence ∏ * is split, then A is amenable modulo I.
Proof. (i)
Suppose that A is amenable modulo I and M is a virtual diagonal modulo I for A. Set θ * : (
(ii) Let θ * be an A−bimodule morphism such that θ * π * = I and (e α ) be the approximate identity of A. By passing to a sub-net, we can suppose that E ∈ ( A I⊗ A) * * is w * −accumulation point of (ē α⊗ e α ). We show that M = θ * * π * * E is a virtual diagonal modulo I for A. Let a ∈ A\I, f ∈ (
Hence M is a virtual diagonal modulo I for A, so A is amenable modulo I [2] .
Suppose that X, Z are A−bimodules, then the space of all bounded linear operators T : Z → Y which is denoted by B(X; Y) is an A−bimodule where the module actions are defined by z, a.T = a. z, T , and z, T.a = a.z, T (T ∈ B(Z; X), z ∈ Z, a ∈ A). In additon, Z⊗X is an A−bimodule with the module actions a. (Z⊗X) * is a bounded derivation. Clearly (Z⊗X) * · I = I · (Z⊗X) * = 0. Since A is amenable modulo I, there exists ψ ∈ B(Z; X * ) such that f −1 D(a) = a.ψ − ψ.a (a ∈ A\I). LetĜ = G − f ψ, thenĜ is an A−module morphism and gĜ = I on Z.
At the end of this section, we would like to discuss the connection between amenability modulo an ideal of Banach algebras and their closed ideals. Following Curtis and Loy ( [4] , Theorem 3.7), if A is an amenable Banach algebra, J = 0 is a closed left, right, or two-sided ideal in A, then J has a bounded right, left, or two-sided approximate identity if and only if J * is complemented in A * . In the following, we state the same result for amenable modulo an ideal Banach algebras. We apply the obtained results to characterize amenability of second dual of semigroup algebras. First of all, we have to recall some basic properties of semigroup theory to which we shall refer; for full details, see [11, 12] . A semigroup S is called an E-semigroup if the set of all idempotents E(S) forms a sub-semigroup of S; S is called E-inversive if for all x ∈ S, there exists y ∈ S such that xy ∈ E(S). A semigroup S is called regular if V(a) = {x ∈ S : a = axa, x = xax} = φ for every a ∈ S; S is called an inverse semigroup if the inverse of each element is unique; S is called a semilattice if is a commutative and idempotent semigroup; and S is called eventually inverse if every element of S has some power that is regular and E(S) is a semilattice.
A congruence ρ on semigroup S is called a group congruence if S/ρ is group. The existence of the least group congruence on semigroups have also been investigated by various authors, see [13] [14] [15] . If the least group congruence on semigroup S exists, we denote it by σ. In general, we know that there is no the least group congruence on semigroups. For example, consider the semigroup of positive integers (N, +) (with respect to addition). It is not hard to see that every group congruence on N is of the form {(p, q) ∈ N × N : kn = p − q, for some k ∈ Z}, but N does not have the least group congruence. Let ρ be a group congruence on semigroup S; by the induced ideal I ρ , we mean an ideal in the semigroup algebra l 1 (S) generated by the set {δ s − δ t : s, t ∈ S with (s, t) ∈ ρ}. We recall the following Lemma of [1] . ([1] , Lemma 1) Let S be a semigroup and ρ be a group congruence on S, then l 1 (S/ρ) l 1 (S)/I ρ , where I ρ is a closed ideal of l 1 (S).
Lemma 3. (i)
(ii) ([1] , Lemma 2) Let S be an E-inversive semigroup with commuting idempotents and σ be the least group congruence on S, then l 1 (S/σ) l 1 (S)/I σ where I σ is a closed ideal of l 1 (S) and I 2 σ = I σ .
Theorem 7.
Let S be a semigroup, and ρ be a group congruence on S such that I ρ has an approximate identity. If l 1 (S) * * is amenable modulo I * * ρ , then l 1 (S) is amenable modulo I ρ .
Proof. It is obvious that for a group congruence ρ on semigroup S, I ρ is a closed ideal of l 1 (S), so I * * ρ is a closed ideal of l 1 (S) * * . Since I ρ has an approximate identity, I 2 ρ = I ρ . Using Theorem 6, l 1 (S) is amenable modulo I ρ .
If S is an E-inversive E-semigroup such that E(S) is commutative, then the relation σ * = {(a, b) ∈ S × S | ea = f b for some e, f ∈ E S } is the least group congruence on S [13, 15] .
